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Abstract
We define free groups in certain classes of abelian topological groups. Of special interest is the class of nuclear groups. For
a completely regular Hausdorff space X we show that the free nuclear group AN (X) (i.e., the free abelian group in the class of all
nuclear groups) exists. We give two different descriptions of the topology on AN (X).
Afterwards we study the question under which conditions the free abelian topological group A(X) is topologically isomorphic
to the free nuclear group AN (X) and show that if X is a product of metrizable spaces then this is true if and only if X is discrete.
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1. Introduction and notation
Free (abelian) topological groups have been introduced by Markov [10] and generalized by Graev [8]. They form
the topological analog of free (abelian) groups, namely: Given a topological space X the question is whether there
exists a free (abelian) group F(X) (A(X)) such that X is homeomorphic to a basis of the free group and has the
property that every continuous function f :X → G in a(n abelian) topological group G admits a continuous extension
on F(X) (A(X)).
Many properties of free topological groups have been studied and generalizations have been given.
For example, Morris considered the existence of free groups in categories. A (Hausdorff ) category of groups is a
class of groups which is closed under forming products, closed subgroups, and (Hausdorff) quotient groups.
In [11] Morris gave necessary and sufficient conditions such that a free group on a variety V over a topological
space X exists.
It this paper we will make a similar construction, but we consider classes of abelian topological groups which
are closed under forming arbitrary products and subgroups (but not necessarily under taking quotient groups). For
example, the class of locally quasi-convex Schwartz groups are closed under taking products and subgroups, but not
w.r.t. taking quotient groups [2].
In the second section of this paper, we show under which conditions free abelian groups exist in a class C of
topological groups which has the properties stated above. We prove that if the group T := {z ∈ C: |z| = 1} of complex
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Hausdorff space exists in C. It will be denoted by AC(X).
Analogously, it is possible to define free topological vector spaces in certain classes of topological vector spaces.
Recall that for an abelian topological group G the group of continuous homomorphisms (characters) of G into
T, i.e. G∧ := {χ :G → T: χ is a continuous homomorphism} is called character group. Endowed with the compact-
open topology G∧ is an abelian Hausdorff group. A topological group G (necessarily abelian and Hausdorff) is called
a reflexive group, if the canonical mapping
αG :G → G∧∧, x →
(
χ → χ(x))
is a topological isomorphism. (G∧∧ is the character group of G∧.)
We show that, if T ∈ C and X is a completely regular space, then the character groups of AC(X) and of the free
abelian topological group are topologically isomorphic.
In this paper our special interest are free nuclear groups, this means free abelian groups in the class of nuclear
groups. This class of groups was introduced by Banaszczyk in [3]. It forms a Hausdorff category which contains
all locally compact abelian groups and all locally convex nuclear vector spaces. Nuclear groups have very strong
properties w.r.t. duality theory. We shall list some of them here.
It has been shown [3, (17.3)] that every complete and metrizable nuclear group is reflexive. This was generalized
in [1,5]: If G is a complete nuclear group then αG surjective.
In order to recall some more properties of nuclear groups we need some notations: We put T+ := {z ∈ T: Re z 0}
and for a subset A of a topological group G we set A := {χ ∈ G∧: χ(a) ∈ T+ ∀a ∈ A} and for a subset B ⊆ G∧
we put B	 := {x ∈ G: χ(x) ∈ T+ ∀χ ∈ B}. A subset U of a topological group G is called quasi-convex if for every
x ∈ G \ U there exists χ ∈ U such that χ(x) /∈ T+. This is equivalent to: U = (U)	. A topological group G is
called locally quasi-convex if it has a neighborhood basis of the neutral element consisting of quasi-convex sets.
Subgroups and products of locally quasi-convex groups are again locally quasi-convex. However, every Hausdorff
group is a quotient group of a locally quasi-convex group [1, (12.7)]; in particular, the class of all locally quasi-convex
Hausdorff groups does not form a Hausdorff variety.
In [3, (8.5)] it is shown that nuclear groups are locally quasi-convex, which implies that the characters of a nuclear
group G separate the points of G.
There is one other property of nuclear groups which generalizes the Hahn–Banach theorem for locally convex
vector spaces: If G is nuclear group and H is a subgroup of G then every character of H is the restriction of a
character of G [3, (8.3)].
We will prove that for every completely regular space X (which is understood to be a Hausdorff space) the free
nuclear group AN (X) exists and is a nuclear group.
Since the proof of the existence of free abelian topological groups in certain classes is not constructive, the aim of
the following three sections is to give a concrete description of the topology. Therefor, in Section 3, we collect some
technical lemmas concerning Kolmogoroff diameters. (We use this access to define nuclear vector spaces.)
In the following section we study the topology of a free nuclear vector space LN (X) and give a constructive
description of it. This serves as a preparation for the following section where the same is done for free nuclear groups.
The ideas are the same, but the group case is technically more difficult.
Uspenskij proved that the free abelian topological group over a completely regular space X can be embedded
into the free locally convex vector space over X [18, p. 662]. In general, AN (X) cannot be embedded into LN (X).
However, under certain additional assumptions, AN (X) can be embedded into L(X) endowed with a nuclear vector
group topology. (Roughly speaking, a nuclear vector group is a locally convex nuclear vector space in which scalar
multiplication need not be continuous.) These are the contents of Section 6.
In the last section we are concerned with the question under which conditions the free abelian topological group
A(X) is a nuclear group. We prove that if X is a product of metrizable spaces then A(X) is nuclear if and only if X is
discrete.
2. The existence of free groups in certain classes
Let C be a non-empty class of abelian topological groups which is closed under forming arbitrary products and
subgroups, and which contains all groups topologically isomorphic to a member of C. Throughout this paper C stands
for a class of groups which has this property.
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N : the class of all nuclear groups,
S : the class of all Schwartz-groups,
Slqc: the class of all locally quasi-convex Schwartz-groups,
P : the class of all precompact groups,
L: the class of all locally quasi-convex groups,
L2: the class of all locally quasi-convex Hausdorff groups,
A: the class of all abelian topological groups, and
A2: the class of all abelian Hausdorff groups.
Theorem 2.2. Let X be a topological space and let A(X) be the free abelian group with basis (η(x): x ∈ X) where
η :X → η(X) is a bijection.
(i) There exists a coarsest topology OX,C on X which makes all mappings f :X → G (G ∈ C and f ∈ C(X,G))
continuous. The set X endowed with this topology will be denoted by XC . OX,C is coarser than the original
topology on X.
(ii) There exists a coarsest topology OA(X),C on A(X) such that for every G ∈ C and every continuous mapping
f :X → G the unique homomorphism f ′ :A(X) → G which satisfies f ′ ◦ η = f is continuous w.r.t. OA(X),C .
(iii) η : (X,OX,C) → (A(X),OA(X),C) is an embedding.
For K = {∑kxη(x): ∑kxφ(x) = 0 ∀φ ∈ C(X,G), G ∈ C}, the quotient group A(X)/K of (A(X),OA(X),C) belongs
to C.
Proof. Let G be the set of topological isomorphism classes of groups belonging to C the cardinality of which is
smaller than of equal to max(ℵ0, |X|). We denote by Φ the set of pairs (φ,G) where φ :X → G is a continuous
mapping and G ∈ G. By Φ ′ we denote the set of pairs (φ′,G), where φ′ :A(X) → G is the unique homomorphism
extending φ, i.e. which satisfies φ′ ◦ η = φ for suitable (φ,G) ∈ Φ . Since Φ and Φ ′ are sets, the initial topologies on
X (respectively A(X)) induced by Φ (respectively Φ ′) exist. We will denote them by OX,C (respectively OA(X),C ). It
is obvious, that the topologies constructed above do not depend on the choice of Φ and Φ ′.
It is easily verified that OX,C and OA(X),C have the properties stated in (i) and (ii).
(iii) Fix (φ1,G1), . . . , (φn,Gn) ∈ Φ and open sets Oj ⊆ Gj ; then we obtain: η(⋂nj=1 φ−1j (Oj )) = η(X) ∩⋂n
j=1 φ′j
−1
(Oj ), which implies (iii).
Since K is the kernel of the mapping A(X) →∏(φ′,G)∈Φ ′ G, A(X)/K can be identified with a subgroup of a
product of groups belonging to C; the assumptions made on C imply that A(X)/K ∈ C. 
Notation 2.3. The free abelian group A(X) endowed with the topology OA(X),C will be denoted by AC(X).
In case that AC(X) ∈ C, this group will be called free abelian group in C.
Proposition 2.4. Let X be a completely regular Hausdorff space. If C contains R or T, then AC(X) ∈ C, OX,C is the
original topology on X and η :X → AC(X) is an embedding.
Proof. For G ∈ {T,R}, the continuous mappings f :X → G generate the topology on X and henceOC is the original
topology on X.
If R ∈ C, a standard argument [16, Theorem (2.1)] shows that the homomorphisms associated to continuous map-
pings f :X → R separate the points of A(X). An easy modification of the argument shows that the same holds true
for T instead of R. Hence K = {0} and the assertion follows. 
Example 2.5. (i) If C consists of the trivial group {0} only, we see that in general AC(X) /∈ C.
(ii) Let P denote the class of all precompact Hausdorff groups and let D be an infinite discrete space.
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Hausdorff group G, the homomorphism which extends f is continuous. The same two properties has AA(D) which
is discrete. However, AA(D) /∈ P .
Proposition 2.6. Let C′ be a subclass of C. If AC(X) belongs to C′ then AC(X) = AC′(X).
Proof. By construction, OA(X),C′ ⊆OA(X),C and hence AC(X) → AC′(X) is continuous.
Conversely, X → (X,OX,C) → AC(X) is continuous. But AC(X) ∈ C′, which implies the continuity of AC′(X) →
AC(X). 
Corollary 2.7. For a completely regular space X, the groups AA(X), AA2(X), AL(X), and AL2(X) are topologically
isomorphic.
Proof. Observe first: L2 ⊆ A2 ⊆ A, L2 ⊆ L ⊆ A. Since AA(X) can embedded into the free locally convex space
L(X) [18, p. 662], we obtain that AA(X) ∈ L2. The assertion follows from 2.6. 
Finally, we want to determine the character groups of AC(X). As in the case of free abelian groups, the class of
Nachbin–Shirota spaces is of special importance. Recall that a Hausdorff topological space X is called a Nachbin–
Shirota space if a closed subset B ⊆ X such that f (B) is bounded for every continuous mapping f :X → R, is
compact.
Recall further that the weak topology on a topological group G is the group topology induced by G → TG∧ , x →
(χ(x))χ∈G∧ .
Theorem 2.8. Let C be a class of abelian topological groups which contains T and let X be a completely regular space.
Then AC(X)∧ is topologically isomorphic to AA(X)∧. If X is a Nachbin–Shirota space then AC(X)∧ is topologically
isomorphic to C(X,T).
Proof. One easily verifies that for every class C which contains T, the mapping AC(X) → C(X,T), χ → χ ◦ η is a
continuous isomorphism if both groups are endowed with the compact-open topology. Hence, the identity mappings
AA(X) → AC(X) → Aw(X),
where Aw(X) denotes the weak topology on AA(X), are continuous. Since for every completely regular space X,
the free abelian group AA(X) respects compactness [7, Corollary (4.20)] the compact subsets of AA(X), AC(X),
and Aw(X) coincide and hence AA(X)∧ = AC(X)∧ = Aw(X)∧ holds. So the dual homomorphisms are topological
isomorphisms.
It was proved in [13], that AA(X)∧ is topologically isomorphic to C(X,T) if X is a Nachbin–Shirota space. 
Remark 2.9. Let V be a class of topological vector spaces which is closed under forming arbitrary products, subspaces,
and which contains every vector space which is topologically isomorphic to a member of V .
An analogous procedure establishes the free topological vector space in V . (We omit a detailed proof, because the
arguments are analogous.) In this case, (η(x): x ∈ X) is a Hamel basis of L(X).
We only wish to underline that, if R ∈ V (which hold true if V contains at least one Hausdorff vector space) and
if X is a completely regular space then LV (X) ∈ V .
3. Properties of the Kolmogoroff diameter
There are several possibilities to define nuclear groups. We will use the definition which generalizes the setting of a
locally convex nuclear vector space given by Kolmogoroff diameters. In the next but one section we will characterize
the topology of AN (X) and in order to accustom the reader to the techniques, we will treat in the following section
the case of free nuclear vector spaces. For both we need some technical lemmas concerning Kolmogoroff diameters
which we list in this section.
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and Y is defined as
dk(X,Y ) := inf{c > 0 | X ⊆ cY +L: L is a subspace of V : dimL < k}.
Let us recall some properties of the Kolmogoroff diameters:
Proposition 3.2. Let X and Y be symmetric and convex subsets of a vector space V .
(i) For every linear subspace E of V we have dk(X ∩E,Y ∩E) k · dk(X,Y ).
(ii) The polars X = {φ :V → R | φ is linear and φ(X) ⊆ [−1,1]} (and Y  defined analogously) satisfy
dk(Y ,X) k · dk(X,Y ).
(iii) If V is a topological vector space and A,B are symmetric and convex subsets of the algebraic dual V # of V then
dk(A	,B	) k2dk(A,B) where A	 =⋂f∈A f−1([−1,1]).
(iv) Let T : V˜ → V be a linear operator. Then dk(T −1(X),T −1(Y )) = dk(X ∩ imT ,Y ∩ imT ) k · dk(X,Y ).
Proof. The proofs of (i), (ii) are based on Auerbach’s Lemma which states that for every normed space E and every
finite dimensional subspace L of E there exists a projection onto L of norm  dimL.
(iii) is a consequence of (i) and (ii), (iv) follows from (i). 
Definition 3.3. A locally convex vector space V is called a locally convex nuclear vector space if for every symmetric
and convex neighborhood U of 0 there exists a symmetric and convex neighborhood W of 0 such that dk(W,U) 1k
holds for all k ∈ N.
Remark 3.4. Let V be a locally convex nuclear vector space. For a symmetric and convex neighborhood U of 0,
c > 0, and m ∈ N, there exists a symmetric and convex neighborhood W of 0 such that dk(W,U) ckm holds for all
k ∈ N.
We wish to generalize Kolmogoroff diameters for groups:
Definition 3.5. Let A and B be symmetric subsets of an abelian group G. We define (dk(A,B))k∈N  (ck)k∈N for
a sequence (ck)k∈N of nonnegative real numbers if there exist symmetric and convex subsets X and Y of a vector
space V such that dk(X,Y ) ck for all k ∈ N, a subgroup H of V , and a homomorphism φ :H → G which has the
following properties: φ(X ∩H) ⊇ A and φ(Y ∩H) ⊆ B .
Remark 3.6. (i) Let A,B be symmetric and convex subsets of an abelian group G such that (dk(A,B))  (ck). If
c1 < 1 then A ⊆ B . [dk(X,Y ) < 1 implies X ⊆ Y . Hence A ⊆ φ(H ∩X) ⊆ φ(H ∩ Y) ⊆ B .]
(ii) Let ψ : G → H be a homomorphism between abelian groups. If for A,B ⊆ G (dk(A,B)) (ck) holds, then
(dk(ψ(A),ψ(B)) (ck) follows.
(iii) Let A,A′,B,B ′ be symmetric subsets containing the neutral element of the abelian group G. If A ⊆ A′ and
B ′ ⊆ B then (dk(A′,B ′)) (ck) implies (dk(A,B)) (ck).
We wish to prove results analogous to 3.2 for the Kolmogoroff diameters of groups.
Proposition 3.7. Let ψ :G1 → G2 be a group homomorphism and let A2, B2 be symmetric subsets of G2 for which
(dk(A2,B2)) (ck) holds. Then(
dk
(
ψ−1(A2),ψ−1(B2)
))
k∈N  (kck).
Proof. By assumption, there exist a vector space V , symmetric and convex subsets X,Y ⊆ V which satisfy
dk(X,Y )  ck for all k ∈ N, a subgroup H of V , and a homomorphism φ :H → G2 such that φ(H ∩ X) ⊇ A2
and φ(H ∩ Y) ⊆ B2.
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Z
(G) → G, (x, (kg)g) → x +∑g kgg (and X by X × {0}, Y by Y × {0}).]
Consider the following diagram
G1
f
ψ
G2
H
ϕ
Since φ is surjective, it is possible to define a mapping (not necessarily a homomorphism!) f :G1 → H which
satisfies f (x) ∈ φ−1(ψ(x)), hence
(∗) φ ◦ f = ψ, and further (∗∗) f (ψ−1(A2)) ⊆ H ∩X.
We define f ′ :A(G1) → H , ∑kxη(x) →∑kxf (x) and f˜ :L(G1) → V , ∑λxη(x) →∑λxf (x) where L(G1)
is the vector space with basis (η(x): x ∈ G1).
We put X˜ := f˜−1(X) and Y˜ := f˜−1(Y ). According to 3.2(iv), dk(X˜, Y˜ ) kck holds for all k ∈ N.
Moreover: πG1(A(G1) ∩ X˜) ⊇ ψ−1(A2) (where πG1 :A(G1) → G1 denotes the canonical projection): [Fix x ∈
ψ−1(A2). We have ψ(x) ∈ A2 ⊆ φ(H ∩X). Hence, by (∗∗), f˜ (η(x)) = f (x) ∈ X, which implies η(x) ∈ X˜.]
And: πG1(A(G1) ∩ Y˜ ) ⊆ ψ−1(B2): [Fix x′ =
∑
kxη(x) ∈ A(G1) ∩ Y˜ and let g1 = πG1(x′) =
∑
kxx. Then
f˜ (x′) = f ′(x′) =∑kxf (x) ∈ Y ∩ H which implies B2 ⊇ φ(Y ∩ H)  φ(f ′(x′)) =∑ kxφ(f (x)) =∑kxψ(x) =
ψ(
∑
kxx) = ψ(g1).]
Combining these inclusions yields (dk(ψ−1(A2),ψ−1(B2)) (kck)k∈N. 
Corollary 3.8. Let G0 be a subgroup of the abelian group G. If A and B are symmetric subsets of G with (dk(A,B))
(ck), then (dk(A∩G0,B ∩G0)) (kck).
Proposition 3.9. Let A,B be symmetric subsets of the abelian group G such that (dk(A,B)) (ck−m) where m 5
and c > 0. Then there exists a constant γm (which depends on m only) such that (dk(B,A)) (c · γmk5−m).
Proof. This is Lemma (16.4) in [3]. 
Corollary 3.10. Let A,B be symmetric subsets of the character group G∧ of an abelian group G. If (dk(A,B)) 
(ck−m) where m 5 and c > 0, then there exists a constant γm such that (dk(B	,A	)) (c · γmk6−m).
Proof. Since A	 = α−1G (A), the assertion follows from 3.9 and 3.7. 
Definition 3.11. A vector space endowed with a Hausdorff group topology is called a locally convex vector group if
there is a neighborhood basis of 0 consisting of convex sets.
Remark 3.12. Every locally convex Hausdorff vector space is a locally convex vector group. Conversely, the con-
nected component of 0 of a locally convex vector group is a locally convex vector space.
Definition 3.13. A locally convex vector group V is called a nuclear vector group if for every symmetric and convex
neighborhood U of 0 there exists a symmetric and convex neighborhood W of 0 such that dk(W,U) 1/k holds for
all k ∈ N.
Examples for nuclear vector groups are nuclear vector spaces and vector spaces with the discrete topology, further
any products and subspaces of these.
Proposition 3.14. Let H be a subgroup of a nuclear vector group V . Then the family of sets (conv(H ∩U)) where U
runs through all symmetric and convex neighborhoods of 0 in V defines a neighborhood basis of a (finer) nuclear
vector group topology Oconv on V . The identity H → (V ,Oconv) is an embedding.
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We conclude this section with the definition of a nuclear group.
Definition 3.15. An abelian Hausdorff group G is called a nuclear group if for every symmetric neighborhood U of 0,
for every c > 0, and every m ∈ N, there exists a symmetric neighborhood W of 0 such that (dk(W,U))k∈N  ( ckm )k∈N.
It is easy to see that every nuclear vector group is a nuclear group. In Section 7 in [3] it is proved that the class
of all nuclear groups forms a category which contains all locally compact abelian groups. In particular, R and T are
nuclear groups. So 2.4 assures that AN (X) is a nuclear group for every completely regular space X.
4. Free nuclear vector spaces
In the realm of locally convex vector spaces, let N denote the class of all locally convex nuclear vector spaces.
In this section we wish to describe the topology on LN (X) for a completely regular space X.
Notation 4.1. By E we denote all symmetric and convex subsets of C(X,R) which are equicontinuous and pointwise
bounded and by E0 := {S0 ∈ E | ∃(Sn)n∈N in E such that dk(Sn−1, Sn) 1k ∀k,n ∈ N}.
Remark 4.2. (i) The closed, convex hull of a finite, symmetric set F ⊆ C(X,R) belongs to E0; in particular, E0 is not
empty.
(ii) If S0 ∈ E0 with corresponding sequence (Sn), then Sn ∈ E0 for all n ∈ N.
Lemma 4.3. For symmetric and convex subsets X,Y ⊆ V and X˜, Y˜ ⊆ V˜
dk(X × X˜, Y × Y˜ )max
(
d k2 (X,Y ),d k2 (X˜, Y˜ )
)
holds.
Proof. Straightforward. 
Corollary 4.4. E0 is closed under addition.
Proof. Fix S,S′ ∈ E0 and let (Sn), respectively (S′n) denote the associated sequences. For T :C(X,R) × C(X,R) →
C(X,R), (f, g) → f + g, we get
d2k
(
2nSn + 2nS′n,2n+1Sn+1 + 2n+1S′n+1
)
 d2k−1
(
2nSn + 2nS′n,2n+1Sn+1 + 2n+1S′n+1
)
= d2k−1
(
2nT (Sn × S′n),2n+1T (Sn+1 × S′n+1)
)
 1
2
d2k−1(Sn × S′n, Sn+1 × S′n+1)
4.3
 1
2k
. 
Theorem 4.5. The sets
US :=
{∑
λxη(x) ∈ L(X) |
∣∣∣∑λxs(x)∣∣∣ 1 ∀s ∈ S}: S ∈ E0
form a neighborhood basis of a locally convex nuclear vector space topology Onuc on L(X) which we will denote by
Lnuc(X). It has the following properties:
(i) For every continuous mapping f :X → F where F is a locally convex nuclear vector space, the unique linear
extension f˜ :L(X) → F which satisfies f˜ ◦ η = f is continuous.
(ii) Lnuc(X)∗ ∼= C(X,R) (algebraically) where Lnuc(X)∗ denotes the topological dual of Lnuc(X).
(iii) η :X → Lnuc(X) is an embedding.
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are convex and, since the sets S are pointwise bounded, they are radial as well. Further: US ∩ US′ ⊇ US+S′ and
US+S +US+S ⊆ US . The assertion follows from 4.4.]
(i) Let F be a locally convex nuclear vector space and let f :X → F be a continuous mapping. Consider the
linear operator f ∗ :F ∗ → C(X,R), φ → φ ◦ f . (F ∗ is the topological dual of F .) For a fixed closed, symmetric,
and convex neighborhood W0 of 0 in F , there exists a sequence (Wn)n∈N of symmetric and convex neighborhoods
such that dk(Wn,Wn−1) k−2 holds for all k,n ∈ N. We obtain dk(W n−1,W n ) k−1 (3.2(i)). Moreover, the W n are
equicontinuous and, of course, pointwise bounded. Since the sets f ∗(W n ) have the same properties, we obtain that
S := f ∗(W 0 ) ∈ E0. We wish to show that f˜ (US) ⊆ W0. By the Hahn–Banach theorem, it is sufficient to show that
φ(f˜ (x˜)) ∈ [−1,1] for all φ ∈ W 0 and x˜ ∈ US . So let us fix x˜ =
∑
λxη(x) ∈ US and φ ∈ W 0 . We obtain: |φ(f˜ (x˜))| =|φ(∑λxf (x))| = |∑λx φ ◦ f︸ ︷︷ ︸
∈S
(x)| 1, which implies (i).
(ii) Since the sets S ∈ E0 are equicontinuous, η is continuous. Hence Lnuc(X)∗ → C(X,R), φ → φ ◦ η is a well-
defined linear operator. Further, this mapping is obviously injective and, according to (i), it is surjective, which
proves (ii).
Since the topology on Lnuc(X) is finer than that one induced by
L(X) → RC(X,R),
∑
λxη(x) →
(∑
λxf (x)
)
f∈C(X,R),
it follows that Lnuc(X) is a Hausdorff space.
(iii) Since R is a nuclear vector space, this is standard.
Finally, we have to show that Lnuc(X) is a nuclear vector space. So fix S0 ∈ E0 and let (Sn)n1 be as in the
definition. Identifying Lnuc(X)∗ with C(X,R), US is exactly S	 (for S ∈ E0). Since
d3k
(
3nS3n,3n+3S3n+3
)
 d3k−2
(
3nS3n,3n+3S3n+3
)
 dk
(
3nS3n,3nS3n+1
)
dk
(
3nS3n+1,3nS3n+2
)
dk
(
3nS3n+2,3n+3S3n+3
)
 (3k)−3,
it follows that dk(3nS3n,3n+3S3n+3) k−3 for all k ∈ N. Moreover, 3nS3n ∈ E0 for all n ∈ N0. In particular, for n = 0,
we obtain dk(U27·S3 ,US0) k2dk(S0,27S3) k−1 for all k ∈ N. This completes the proof. 
Corollary 4.6. Let O be a nuclear locally convex vector space topology on L(X) which satisfies (i) and (iii) of 4.5.
Then O =Onuc.
Proof. Let us introduce the following notations: ηnuc :X → Lnuc(X), x → η(x) and η0 :X → L(X), x → η(x)
where L(X) is endowed with the topology O. By assumption, the linear extensions η˜nuc :L(X) → Lnuc(X) and
η˜0 :Lnuc(X) → L(X) are continuous and satisfy η˜nuc ◦ η0 = ηnuc and η˜0 ◦ ηnuc = η0.
Now it is straightforward to see that η˜0 and η˜nuc are inverse mappings. The assertion follows. 
Corollary 4.7. LN (X) ∼= Lnuc(X).
Proof. According to 2.9, LN (X) satisfies the conditions (i) and (iii) of 4.5, hence the assertion follows. 
5. Free nuclear groups
Similarly as in the preceding chapter, we wish to give an intrinsic characterization of the topology on AN (X). We
assume that X is a completely regular Hausdorff space.
Let N denote the class of all nuclear groups.
Notation 5.1. By E we denote all equicontinuous and symmetric subsets of C(X,T) which contain the constant
mapping 1 and by
E0 :=
{
S0 ∈ E | ∃(Sn)n∈N in E such that
(
dk(Sn−1, Sn)
)

(
1
n
)
∀n ∈ N
}
.2nk
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Proof. Fix S(1), S(2) ∈ E0 and let (S(1)n ), respectively (S(2)n ) denote the associated sequences. We will show that the
sequence (S˜n) := (S(1)n2n · S(2)n2n) is in E (which is obvious) and satisfies(
dk(S˜n−1, S˜n)
)

(
1
2nkn
)
.
So let us fix n0 ∈ N. Since, by assumption, S(i)n−1 ⊆ S(i)n for all n ∈ N and i ∈ {1,2}, and (n0 − 1)2n0−1  n02n0 − 1,
we obtain(
dk
(
S
(i)
(n0−1)2n0−1 , S
(i)
n02n0
))

(
1
2n02n0
kn02
n0
)
.
Hence, there exist vector spaces V1,V2, subgroups Hi  Vi and homomorphisms φi :Hi → C(X,T) for i ∈ {1,2},
further: Symmetric and convex subsets Xi,Yi ⊆ Vi which satisfy dk(Xi, Yi)  12n02n0kn02n0 and φi(Hi ∩ Xi) ⊇
S
(i)
(n0−1)2n0−1 and φi(Hi ∩ Yi) ⊆ S
(i)
n02n0 . We obtain:
dk(X1 ×X2, Y1 × Y2)max
(
d k2 (X1, Y1),d k2 (X2, Y2)
)
 1
2n02n0 k2n02n0
 1
2n0kn0
.
[For k = 1 the inequality is trivial and for k  2 the following estimate holds: 2n k2n2
n  2n( k2 )n = kn.]
So the vector space V1 × V2, the subgroup H1 × H2 and the homomorphism φ :H1 × H2 → C(X,T), (h1, h2) →
φ1(h1) · φ2(h2) have the desired properties. 
Theorem 5.3. The sets
US :=
{∑
kxη(x) ∈ A(X):
∏
s(x)kx ∈ T+ ∀s ∈ S
}
: S ∈ E0
form a neighborhood basis of a nuclear group topology on A(X) which will be denoted by Anuc(X). It has the
following properties:
(i) For every continuous mapping f :X → G, where G is a nuclear group, the unique homomorphism f ′ :A(X) →
G which satisfies f ′ ◦ η = f is continuous.
(ii) Anuc(X)∧ ∼= C(X,T) (algebraically).
(iii) η :X → A(X)nuc is an embedding.
Proof. In order to show that the sets (US : S ∈ E0) form a neighborhood basis of a group topology, it suffices to
observe that the sets US satisfy US ∩ US′ ⊇ US·S′ and US·S + US·S ⊆ US . According to 5.2, the sets US·S and US·S′
are neighborhoods.
(i) Let G be a nuclear group and let f :X → G be a continuous mapping. Consider the homomorphism f ∧ :G∧ →
C(X,T), χ → χ ◦ f . According to (8.5) in [3], G is locally quasi-convex. So let us fix a quasi-convex neighborhood
W0 of 0 in G. Since G is a nuclear group, there exists a sequence (Wn)n∈N of locally quasi-convex neighborhoods
such that (dk(Wn,Wn−1))  ( 12nγn+5kn+5 ) for all n ∈ N (with γn as in 3.9). We obtain (dk(W

n−1,W n ))  (
1
2nkn )
(3.9). Moreover, the sets W n are equicontinuous. The same holds for f ∧(W n ), hence S := f ∧(W 0 ) ∈ E0. We wish
to show that f ′(US) ⊆ W0. Since W0 is locally quasi-convex, it is sufficient to show that χ(f ′(x′)) ∈ T+ for all
χ ∈ W 0 . So let us fix x′ =
∑
kxη(x) ∈ US and χ ∈ W 0 . We obtain: χ(f ′(x′)) = χ(
∑
kxf (x)) =∏(χ ◦ f )kx (x) =
(χ ◦ f︸ ︷︷ ︸
∈S
)′(x′) ∈ T+, which implies (i).
(ii) Since the sets S ∈ E0 are equicontinuous, η is continuous. Hence Anuc(X)∧ → C(X,T), φ → φ ◦ η is well-
defined. Further, this mapping is obviously injective and, according to (i), it is surjective, which proves (ii).
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A(X) → TC(X,T),
∑
kxη(x) →
(∏(
f (x)
)kx)
f∈C(X,T),
it follows that Anuc(X) is a Hausdorff space.
(iii) Since T is a nuclear group, this is standard (cf. [16]).
Finally, we have to show that Anuc(X) is a nuclear group. So fix S0 ∈ E0, m ∈ N and c > 0; let (Sn)n1 be as in the
definition. Identifying Anuc(X)∧ with C(X,T), US is exactly S	 (for S ∈ E0). For nm+ 6 we get (dk(Sn−1, Sn))
( 12nkn ) and hence (dk(S0, Sn))  (
1
2nk6+m ). Corollary 3.10 implies (dk(USn,US0))  (
γ6+m
2nkm ) for n  m + 6. If we
choose n > γ6+m2c , the assertion follows. 
Corollary 5.4. AN (X) = Anuc(X).
Proof. The identity Anuc(X) → AN (X) is continuous according to 5.3(i) and the inverse mapping is continuous by
the definition of AN (X) and since Anuc(X) is a nuclear group. 
6. On the embedding of free nuclear groups in nuclear vector groups
Theorem 6.1. Let X be a completely regular space and assume that there exists a locally convex vector
group topology on L(X) such that the free nuclear group AN (X) can be embedded into it. Then the sets
(convU : U is a neighborhood of 0 in AN (X)) form a neighborhood basis of a nuclear vector group topology Oconv
on L(X) and AN (X) can be embedded into L(X).
Proof. We write A(X) instead of AN (X). By assumption, there exists a locally convex vector group topology O on
L(X) such that A(X) can be embedded in L(X). The topology Oconv is finer than O. Hence A(X) can be embedded
into (L(X),Oconv) as well. So it suffices to show that (L(X),Oconv) is a nuclear vector group.
According to (9.6) in [3], there exists a nuclear vector group V , a subgroup H of V such that A(X) is topologically
isomorphic to a quotient group of H . Let φ :H → A(X) denote this quotient mapping.
Consider the mapping
Π :L(H) → V × RC(H,R),
∑
λhθ(h) →
(∑
λhh,
(∑
λhf (h)
))
f∈C(H,R)
where L(H) is the free vector space with basis (θ(h): h ∈ H). Since V and R are nuclear vector groups, so is the
product V ×RC(H,R). Further, Π is injective (since the continuous real valued functions separate the points of H ), so
the topology on L(H) induced by Π turns L(H) in a nuclear vector group.
L(H)
Φ
L(X)
A(H)
π
H
ϕ
A(X)
It is easy to verify that the canonical mapping π :A(H) → H , ∑ khθ(h) → ∑ khh is open (where A(H) is
endowed with the initial topology induced by L(H)). Hence φ ◦ π is a projection, too. According to 3.14, the sets
(conv (U˜ ∩ A(H)): U˜ is a neighborhood of 0 in L(H)) form a neighborhood basis of a (finer) nuclear vector group
topology on L(H) which induces the same topology on A(H).
We denote the linear extension of φ ◦ π by Φ .
The sets of the form (φ(π(U)): U is a neighborhood of 0 in A(H)) form a neighborhood basis on A(X).
For arbitrary neighborhoods W and U of 0 in A(H), we obtain: dk(conv(φ(π(W))), conv(φ(π(U)))) =
dk(Φ(conv(W)),Φ(conv(U))) dk(conv(W), conv(U)). The assertion follows. 
We shall give an example which shows that the assumption that there exists a locally convex vector group topology
O on L(X) such that AN (X) can be embedded into (L(X),O) cannot be dropped.
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connected subset C ⊆ X such that f |C cannot be lifted over R. Then there is no locally convex group topology on
L(X) in which AN (X) can be embedded.
[Assume the contrary. The above theorem assures that Oconv is a nuclear vector group topology on L(X). Further,
for fixed x0 ∈ C, the set {η(x) − η(x0): x ∈ C} is connected and hence contained in the connected component of
(L(X),Oconv). Hence V := 〈{η(x)− η(x0): x ∈ C}〉 is a connected subspace of (L(X),Oconv) as well and the topol-
ogy on V induced by Oconv is a locally convex nuclear vector space topology. Since AN (X) is a subgroup of L(X),
the character f ′ :AN (X) → T,
∑
kxη(x) → ∏f (x)kx can be extended to a continuous character χ :L(X) → T
[3, (8.3)]. The restriction χ |V is of the form e2πiφ where φ :V → R is a continuous linear form [15]. Hence
e2πiφ(η(x)−η(x0)) = χ(η(x)− η(x0))= f (x)f (x0) (x ∈ C),
which implies f (x) = f (x0)e2πiφ(η(x)−η(x0)). This shows that f |C can be lifted over R and gives the desired contra-
diction.]
7. Under which conditions is AA(X) nuclear?
The main result of this section states that for a product of metrizable spaces X =∏Xi the free abelian group
AA(X) is nuclear if and only if X is discrete. For the sake of simplicity, we write A(X) instead of AA(X).
We start our considerations with the special case when X is compact.
Proposition 7.1. Let K be a compact Hausdorff space. If A(K) is a nuclear group then A(K) is reflexive and K is
totally disconnected. Moreover, AA(K) = AN (K).
Proof. Since K is compact, A(K) is a complete group and a k-space [17,9]. According to (21.4) in [1] or [5], αA(K)
is surjective. Further, A(K) is a locally quasi-convex group, hence reflexive. It is a consequence of (15.4) in [1] or
[6] that K must be totally disconnected. The identity AA(K) = AN (K) is a consequence of 2.6. This completes the
proof. 
For S ⊆ C(K,R), let US := {x′ ∈ A(K): |s′(x′)|  1 ∀s ∈ S}. According to [18,14], the sets US where S runs
through all compact subsets of C(K,R), form a neighborhood basis of the neutral element in A(K).
Lemma 7.2. Let K be a totally disconnected compact space. For every compact subset S of C(K,R), there exist a
compact convex set S˜ contained in the closed unit ball B of C(X,R) and a finite dimensional subspace LS  C(K,R)
such that
(US)
 := {f ∈ C(K,R): ∣∣f ′(x′)∣∣ 1 ∀x′ ∈ US}⊆ S˜ +LS
holds.
Proof. Let S be a compact, hence equicontinuous and pointwise bounded subset of C(K,R). For n ∈ N, there exists
a finite open cover Wn of K consisting of (nonempty) clopen, disjoint sets such that
∀W ∈Wn ∀x, y ∈ W ∀s ∈ S
∣∣s(x)− s(y)∣∣ 1/n
holds. Moreover, we may assume that Wn+1 is a refinement of Wn.
The set
S˜ := {f ∈ B: ∀n ∈ N ∀x, y ∈ W ∈Wn ∣∣f (x)− f (y)∣∣ 1/n}
is closed, equicontinuous, and pointwise bounded, hence compact. Further, we put LS := 〈1W : W ∈W1〉R.
Since nη(x)− nη(y) ∈ US for all x, y ∈ W ∈Wn and n ∈ N, a function f ∈ US must satisfy |f (x)− f (y)| 1/n
for all x, y ∈ W ∈ Wn. Now, fix f ∈ US . For every W ∈ W1, choose xW ∈ W . Then f −
∑
W∈W1 f (xW )1W is
bounded by 1.
Since Wn+1 is a refinement of Wn, f −∑W∈W1 f (xW )1W belongs to S˜.
This shows that US ⊆ S˜ +LS . 
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Proof. If K is finite, then A(K) is discrete and hence nuclear.
Conversely, if A(K) is a nuclear group then K must be totally disconnected and A(K) is reflexive (7.1).
Let us assume the K is an infinite set.
Let C :=⋃n∈N( 1√nB ∩ Fn) where (Fn) is a sequence of increasing subspaces of C(K,R) with dimFn = n and B
is the closed unit ball in C(K,R). It is easy to prove that C is compact. (See, e.g., Lemma 20.22 in [1].)
Since AA(K) = AN (K) (7.1) and AA(K) can be embedded into the free locally convex space L(K) [18], the sets
(convUS) (where S runs through all compact subsets of C(K,R)) is a neighborhood basis of a nuclear vector group
topology on L(K) (6.1).
Hence there exists a compact subset S ⊆ C(K,R) such that
dk(convUS, convUC) <
1
k
for all k ∈ N.
This means: For every k ∈ N there exists a subspace Lk of L(K) of dimension < k such that
convUS ⊆ 1
k
convUC +Lk. (∗)
We set Ek := {f ∈ C(K,R): Lk  ker f˜ }  C(K,R) which is a subspace of codimension < k. Next, we dualize
Eq. (∗) and identify L(K)∗ with C(K,R) and obtain
kC ∩Ek ⊆
(
1
k
UC +Lk
)
⊆ US ⊆ S˜ +LS (∗∗)
where S˜ and LS have been chosen as in 7.2. There exists a complementary subspace ES of LS and a projection
π :C(K,R) → ES the norm of which does not exceed d + 1 for d := dimLS . Applying π on both sides of (∗∗)
yields:
kC ∩Ek ∩ES ⊆ π(kC ∩Ek) ⊆ π(S˜) ⊆ (d + 1)B.
Since codim(Ek ∩ES) < k + d , Fk+d ∩Ek ∩ES = {0}. So for every k ∈ N we can pick xk ∈ Fk+d ∩Ek ∩ES of norm
1√
k+d . By the definition of C, xk ∈ C and hence kxk ∈ kC ⊆ (d + 1)B . Since ‖ kd+1xk‖ = k(d+1)√k+d
k→∞−→ ∞, this
gives the desired contradiction. 
In order to generalize this result we need the following
Lemma 7.4. Let K be a compact subset of a completely regular space X, then the canonical mapping A(K) → A(X)
is an embedding.
Proof. Let ι :K → X denote the inclusion mapping. Obviously, ι′ :A(K) → A(X), ∑ kxηK(x) → ∑kxηX(x) is
a continuous monomorphism. Hence it is sufficient to show that ι′ is open w.r.t. the image. So let us fix a compact
subset S of C(K,R). There exists a null-sequence (sn) in C(K,R) such that S ⊆ conv{sn: n ∈ N}. One easily proves
that US ⊇ U{sn: n∈N}. Further, each sn can be extended to a continuous function rn : X → R such thatsup |sn(K)| =
sup |rn(X)|. Hence the sequence (rn) is pointwise bounded and equicontinuous. So U := {x′ ∈ A(X): |r ′n(x′)|  1∀n ∈ N} is a neighborhood of 0 in A(X) which satisfies U ∩ im ι′ = ι′(U{sn: n∈N}) ⊆ ι′(US). This completes the
proof. 
Theorem 7.5. Let X be a completely regular space such that A(X) is a nuclear group. Then every compact subset of
the Dieudonné-completion μX of X is finite.
Proof. According to [12], the canonical mapping A(X) → A(μX) is an embedding. Moreover, according to [18],
A(μX) is the completion of A(X) and hence again a nuclear group [1, (21.4)].
Let K ⊆ μX be a compact subset. Lemma 7.4 implies that A(K) → A(μX) is an embedding. So A(K) is a nuclear
group, too. The assertion is a consequence of 7.3. 
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Proof. If X is discrete, A(X) is also a discrete group and hence a nuclear group. The opposite implication is an
immediate consequence of the above theorem and the definition of a k-space. 
Theorem 7.7. Let X =∏Xi be a product of metrizable spaces. The free abelian group A(X) is a nuclear group if
and only if X is discrete.
Proof. As before, if X is discrete then A(X) is discrete and hence a nuclear group.
According to [4, (8.5.13)], X is Dieudonné-complete. Theorem 7.5 implies that every compact subset of X is
finite. Cantor’s diagonal argument applied to a compact subset
∏
Ki shows that all but a finite number of the Xi are
singletons. In particular, X is metrizable and hence a k-space. So X is discrete. 
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